Abstract-A general notion of hybrid bisimulation is proposed and related to the notions of algebraic, state-space and input-output equivalences for the class of switching linear systems. An algebraic characterization of hybrid bisimulations and a procedure converging in a finite number of steps to the maximal hybrid bisimulation are derived. Bisimulation-based reduction and simulation-based abstraction are defined and characterized. Connections with observability are investigated.
I. INTRODUCTION
Bisimulation theories were historically introduced by the computer science community for analyzing and reducing topological complexity of concurrent processes (e.g. [4] , [7] ). The rise of interest in hybrid systems led to a growing reapproachment of those computer science notions in the control system community. In fact, extensions of the notion of bisimulation to dynamical systems have been explored before in [2] and in a series of papers by Pappas and co-authors (e.g. [1] , [11] , [12] , [14] ). The common denominator of those works is to associate a transition system [7] to the process under consideration that preserves reachability properties. Furthermore in [15] , [16] , the general definition of bisimulation for dynamical systems has been elaborated.
Inspired by classical notions of bisimulation for concurrent processes [4] and by the new notions given in [15] , [16] for dynamical systems, we propose a general notion of hybrid bisimulation for the class of switching linear systems, including also continuous external variables as control laws, disturbances and outputs. The given definition seems particularly appealing since it clearly links to well-known concepts of state-space, algebraic and input/output equivalences [3] for dynamical systems: in fact bisimulationbased equivalence will be proved to be implied by algebraic equivalence and to imply state-space equivalence. Moreover connections with observability [6] are addressed, devoting particular attention to the preservation of this property under bisimulation-based reduction and simulation-based abstraction. The results are given without proofs for lack of space. A full version of this paper can be found in [13] .
The paper is organized as follows. In Section II, the notion of hybrid bisimulation is proposed, characterized and related to algebraic, state-space and input/output equivalences. In Section III, a procedure converging to the maximal hybrid bisimulation is proposed. In Section IV, reduction via bisimulation is performed. Section V is devoted to simulation and abstraction. Section VI addresses connections between observability, reduction via bisimulation and abstraction via simulation. Finally, Section VII offers some concluding remarks.
II. BISIMILAR SWITCHING LINEAR SYSTEMS

A. Preliminaries and basic definitions
The class of switching systems we consider in this paper are defined following [6] . 
B. Equivalent Switching Linear Systems
Aim of this section is to define some control system theory equivalence notions for the class of SLSs and then to compare them with bisimilarity and similarity. The following definitions extend well known concepts given for the class of linear dynamical systems [3] and DESs [4] . Converse implications of the result above are not true in general but are true for deterministic SLSs (hybrid disturbance void) as remarked in [13] .
C. Characterizing Hybrid Bisimulations of SLSs
The semantics of SLSs allow a complete characterization of hybrid bisimulations for SLSs as this section shows. 
IV. REDUCTION VIA HYBRID BISIMULATION
In this section, we extend the results in [7] and [15] in order to reduce the complexity of SLSs. We therefore will consider an SLS and a copy of itself and we show how to perform a hybrid state space reduction of . The following obvious facts hold:
Lemma 11: Given an SLS , the identity relation is a hybrid bisimulation between and itself and for any hybrid bisimulation between and itself, is a hybrid bisimulation between and itself. Every induces a relation on by saying that are related by iff . For performing the hybrid state space reduction of , we need an equivalence relation on such that, all hybrid states belonging to the same equivalence class induced by the equivalence relation, are reduced to the same hybrid state.
Proposition 12: For any hybrid bisimulation between and itself there exists a hybrid bisimulation between and itself that is also an equivalence relation on . We therefore may assume w.l.o.g. that hybrid bisimulations are also equivalence relations on . Moreover it is easy to see that between and itself is also an equivalence relation. Given a hybrid bisimulation and equivalence relation , we now show how to perform a hybrid state space reduction and how to define the reduced SLS bisimilar to . 
V. SIMULATION AND ABSTRACTION
Aim of this section is to characterize the notion of simulation and to introduce the notion of abstraction [1] , [12] , [14] for the class of SLSs. By specializing Theorem 3, the following result is obtained. Figure 1 and where and observable and , . is unobservable and any , whose DES is algebraically equivalent to , is observable. Then is nonproperly unobservable.
Example 2: Consider whose DES is depicted in Figure 1 and Proposition 20: is nonproperly (resp. properly) unobservable iff is unobservable and any is observable (resp. unobservable).
Conditions of Propositions 20 may be checked easily in view of Corollary 14 and procedures of Section III. Thanks to the discussion above, reduction via hybrid bisimulation is a good tool to extract the observable SLS of any nonproperly unobservable SLS but not the right one for doing the same for properly unobservable SLSs: the key idea in this last case is to use abstraction of SLSs.
Proposition 21: For any properly unobservable , there exists an abstraction of that is observable. Example 3: Consider of Example 2. Define , whose DES is depicted in Figure 1 and where and , .
is observable and is an abstraction of .
VII. CONCLUSION We studied bisimulation for switching linear systems. We compared equivalence by bisimulation, algebraic, statespace and I/O equivalences. An algorithm converging to the maximal hybrid bisimulation was presented. Reduction by bisimulation and abstraction by simulation were addressed and connections to observability were provided. Future work will concentrate on extensions of these results to more general hybrid systems.
